The Standard Model (SM) of the microcosm provides an excellent description of the phenomena of the microcosm, with the triumph of the discovery of the Higgs boson. There are many reasons, however, to believe that the SM is incomplete and represents a valid theory at relatively low energies only. Of particular interest are the models based on complete symmetries, such as those attempting a true unification between leptons and quarks in terms of a single symmetry group (Grand Unified Theories, GUTs) and those attempting unification between fermions and bosons, such as the supersymmetry. This chapter is devoted to the description of stable and massive particles not predicted within the SM, their energy loss mechanisms and their searches in the cosmic radiation. The stability of these particles means that if they were produced at any time in the thermal history of the Universe, they would still be present as relic particles. Examples of stable massive particles discussed in this chapter include magnetic monopoles, strange quark matter and supersymmetric particles. In particular, we focus on the status of searches for magnetic monopoles (also inducing proton-decay processes), nuclearites and Q-balls in neutrino telescopes.
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Introduction
This chapter is devoted to the description of stable massive particles not predicted within the Standard Model, and their searches in the cosmic radiation, in particular in neutrino telescopes. Stable massive particles are sufficiently long lived that they can be directly observed via strong and/or electromagnetic interactions in a detector rather than via their decay products. Their stability means that if they were produced at any time in the thermal history of the Universe, they would still be present as relic particles. The motivation for the existence of relic massive objects is usually connected with general considerations on cosmology and dark matter.
The searches of different kinds of stable massive particles are an important component in the programs of collider experiments [1] . The searches of relic particles is also a fundamental aspect of many astroparticle physics experiments in space, on the Earth surface and underground/ice/water [2] . Non-accelerator experiments are sensitive to masses many orders of magnitude larger than the TeV scale reachable (for instance) at the LHC collider.
Examples of stable massive particles include magnetic monopoles, strange quark matter and supersymmetric particles.
Magnetic monopoles (Ms, in the following) are particularly intriguing particles, related not only to the problem of the non-observed dark matter, but also to the inner symmetries of electromagnetic interactions, §2. The interest on Ms raised with advent in the 1980's of Grand Unification Theories (GUTs), §3, which have the objective to merge into a single unified interaction the strong and electroweak interactions at very high energies. The existence of Ms and the proton decay are two predictions of GUTs that can be experimentally tested.
GUT's monopoles (as other stable massive particles) can only be produced in an early epoch of the Universe history. The processes of M production, adiabatic energy loss and their successive re-acceleration after the creation of large scale galactic magnetic fields are described in §4. A relevant aspect of the physics of Ms is their energy loss through interaction with matter, described in §5. These mechanisms lead to different detection techniques used by different experiments to set upper limits on their flux, §6. Strange quark matter (SQM), composed of comparable amounts of u, d and s quarks, is a hypothesized ground state of hadronic matter. Nuggets of SQM formed after the Big Bang could be survived up to now and be present in the cosmic radiation, §7. Those with masses 10 7 the proton mass are called nuclearites, and can be detected by large area experiments, as neutrino telescopes. Q-balls are another example of relic, stable massive particles made of aggregates of squarksq, sleptonsl and Higgs fields, §8. Their characteristic is to produce in a detector a signature similar to that of a M inducing proton decay processes.
Finally, in §9, we focus on the status of searches for Ms in neutrino telescopes (also inducing proton-decay processes), nuclearites and Q-balls. This is an active field, which could be subject to significant future improvements also with the present generation of experiments.
Dirac (or classical) Magnetic Monopoles
James Clerk Maxwell developed his theory of electromagnetism [3] based on experimental observation of electric and magnetic interactions and on the Faraday's concept of field. The Maxwell's theory of the electromagnetic fields was a fundamental breakthrough: it not only unified magnetism and electricity in one simple theory, but also explained the properties of light, which it was showed to be an electromagnetic wave. Furthermore, the theory derived numerically the value of the speed of light, demonstrating that is constant, and therefore paved the way for theory of relativity. Although Maxwell's equations do not include magnetic charges, its structure allows embedding them easily, as shown in §2. 1 The compatibility of magnetic monopoles with quantum mechanics was due in 1931 to P. A. M. Dirac [4] , who introduced the today called classical magnetic monopole. Quantum theory allows the Dirac monopole under the condition of a particular minimum value of the magnetic charge, g D . The interesting aspect of the Dirac theory is that the existence of a free magnetic charge g D would explain the quantization of the electric charge, e. Dirac established the basic relation between e and g as:
where n is an integer. This condition is derived in §2. 2 
The symmetric Maxwell equations
The equations of Maxwell become symmetrical in form with the introduction of magnetic charges g, with density denoted as ρ m and density current as j m . In the Gauss CGS symmetric system of units, one has: 
The familiar equations studied at the University courses are recovered when ρ m = 0 and j m = 0. In vacuum (i.e. when the electric density ρ e = 0 and density current j e = 0) the equations have a symmetry known as electric-magnetic duality: by replacing the electric and magnetic fields as E → B, and B → − E
the equations remain unchanged. The presence of the electric charge terms, ρ e , j e , destroy the electric-magnetic duality, which is restored if we assume the existence of magnetic charges. From Eq. (2), electric and magnetic fields applied to an electric e or magnetic charge g give rise to the Lorentz forces:
This beautiful symmetry is experimentally broken since the electric charges exist but magnetic charges have never been observed. From the point of view of classical electrodynamics, there is no fundamental reason to exclude the existence of magnetic charges, i.e. Maxwell's equations are perfectly compatible with magnetic monopoles and their existence would make the theory more symmetric. If a magnetic charge g D exists, the Dirac quantization relation 1 automatically explains the quantization of the electric charge, i.e. the electric charge of any particle is an integer multiple of the elementary charge, e. This is a remarkable prediction, because electric charges are indeed quantized and integer multiples of the electron charge e (or one third of it, e/3, if one includes quarks). In any case, also for a different value of the minimum electric charge, eq. 1 holds for a different minimum g D .
Contrarily to classical electromagnetism, magnetic monopoles seem to be incompatible with quantum mechanics. In classical physics, the description in terms of potentials is in some sense optional, because observable quantities do not depend on the potential. By contrast, in quantum physics the potentials couple directly to the quantum wave function, with real physical consequences, as in the famous case of the Aharonov-Bohm effect [5] . The use of the φ, A cannot be avoided, as discussed in the next section.
The Dirac quantization of the e, g charges
In quantum mechanics, electromagnetic interactions are described in terms of scalar and vector potentials, φ and A, respectively. The electric and magnetic fields are determined through the relations:
In this representation, the duality symmetry between electric and magnetic forces seems to be broken. However, the potentials themselves are not physical, observable quantities: any transformation of this kind:
gives rise to the same electric and magnetic fields. Changing from one of these physically equivalent potential configurations to another under Eq. 7 is known as a gauge transformation. Because physical quantities do not change under such gauge transformations, we say that the theory has a gauge symmetry. The gauge symmetry of Maxwell's equations is known in group theory as U(1). The Standard Model of particle interactions is based on similar and more complex gauge symmetries. Gauge symmetries are thus the fundamental principle that determines the nature of particle interactions.
The definition of physical fields through Eq. 6 apparently forbid the existence of point-like magnetic charges. This is due to simple properties of vector calculus ∇ · B = ∇ · ( ∇ × A) = 0. In terms of field lines, magnetic field lines can never have end points and must be closed.
In quantum mechanics, a particle is described in terms of a complex wave function ψ, whose square value |ψ| 2 in a given volume yields the probability of finding the particle in this particular volume. The complex nature of the wave function becomes apparent in interference experiments. In the formalism of quantum electrodynamics (QED), A is seen as the space component of a fourvector, A µ , and φ the time component of the same four-vector. Electromagnetic interactions are adequately accounted for by the minimal coupling formalism. Mathematically, minimal coupling is achieved acting on the four-momentum p µ of the free Lagrangian (or in the free-field equation, as for instance in the Dirac equation) of an electrically charged particle e by the replacement:
The use of the potential instead of the magnetic field seems to rule out the hypothesis of the existence of magnetic charges, as the vector potential cannot describe a magnetic monopole term. Nevertheless, Dirac in its paper of 1931 [4] , showed that magnetic monopole solutions are, under certain conditions, still allowed. We try to reproduce the Dirac reasoning using a modern approach. Let us first consider the Aharonov-Bohm effect [5] as illustrated in Fig.  1 . Charged particles emitted by the source A pass through the two slits in the screen B and are detected at C. Without the presence of the solenoid S, the amplitudes for the passage through the individual slits combine coherently and the probability density at C is given by P = |ψ 1 + ψ 2 | 2 , where ψ 1 is the probability for passage through the first slit and ψ 2 is that for the passage through the second one. If the solenoid S is placed between the two slits, the probability density at C becomes
where e is the electric charge of the particles emitted in A and Φ B is the magnetic flux through the solenoid. By moving the solenoid and observing the change in the interference pattern, one could detect the presence of the solenoid, unless
This is the handhold condition in the Dirac theory for the introduction of magnetic charges.
In the Dirac's model, each magnetic South pole is connected to a magnetic North pole by a line of singularity called a Dirac string, as shown in Fig. 2 . That string corresponds to an idealized solenoid with thickness tending to zero, carrying magnetic flux from the South pole to the North pole. In this way, the magnetic field lines remain continuous (as for an electric dipole, the field lines are then exiting from the North pole and entering in the South). The shape of the magnetic field around the end of the solenoid looks exactly like that of a M with magnetic charge g. In fact, according to the Gauss theorem in Eq. 2, the magnetic flux is equivalent to the presence of a magnetic charge g equal to
Along the length of the solenoid, the magnetic field is confined inside it, apart from the monopole fields at the two ends. Assuming the solenoid infinitesimally thin and long, an analytic formula for the vector potential can be written. However, this vector potential expression is singular along the Dirac string, an unpleasant situation for a physical object. The situation is solved assuming that the solenoid S in Fig. 1 corresponds to a Dirac string connecting the two poles. As the vector potential A affects the complex phase of the particle's wave function, the Dirac string can give rise to interference effects and be detectable. However, under the condition of Eq. (10) and assuming the relation (11), we have:
where n is an integer number. This relation yields Eq. (1), which is known as the Dirac quantization condition. Under this condition, no experiment can observe the presence of a Dirac string. Thus, the string is not real; it is a mathematical artefact. Only the two poles at the ends of the string are observable, and physically they appear as two separate particles, two free Ms. Also if magnetic monopoles can be consistently described in quantum theory, they do not appear automatically (unlike the famous Dirac prediction of the existence of the positron). In addition, in the Dirac model the B, E duality is not perfect, since the unit magnetic charge is much larger than the electric unit 
3 Magnetic monopoles in extensions of the Standard Model
The two decades around 1970-1980 were the golden age for the formulation of the Standard Model of particle physics. The guiding principle was the concept of gauge symmetry, and although the gauge transformations involved in weak and strong interactions are more complicated than in quantum electrodynamics (QED), the structure of these theories is modelled according to QED. The first, successful, theoretical and experimental step of the Standard Model was to unify electromagnetism and the weak interactions into the electroweak interaction. The theory, developed by S. Glashow, S. Weinberg, A. Salam and others, has two different gauge symmetry groups known as U(1) and SU (2) . The U(1) group has the same structure as the gauge symmetry of Maxwell's equations; the SU(2) symmetry for the weak interactions is somewhat more complicated. In the following, we refer to the Glashow, Weinberg and Salam model with its group representation, SU(2)×U(1). This theory does not require the presence of Ms.
In a slightly different variant of the electroweak model, first proposed by Georgi and Glashow [6] and known as SO(3), 't Hooft [7] and Polyakov [8] found that the presence of both electric and magnetic charges are necessarily required. The model differs, with respect to the SU(2)×U(1), in the so-called Higgs sector. The mass of the Ms foreseen by the SO(3) symmetry group would be of the order of 100 GeV/c 2 , determined by the energy scale associated with weak interactions. Experimental results disfavoured the Georgi-Glashow model for the electroweak theory with respect to the SU(2)×U(1), as well magnetic monopole solutions with masses detectable at (relatively) low energy accelerators.
However, the Standard Model has two separate sectors: one for the electroweak interactions (mediated by the W ± and Z 0 vector bosons and the photon), and the quantum chromo-dynamics (QCD) interaction among coloured quarks. These interactions, mediated by gluons, are also called strong interactions and denoted in group theory as SU(3). Some conservation rules separate the two sectors of the Standard Model: the lepton and baryon numbers conservation, for instance. This means that decay processes as
are forbidden.
The possibility of an unification of the two sectors of the Standard Model is the next, ambitious, step of theory and experiments. Georgi and Glashow itself realized that the SO(3) model could be used as a prototype of a theory unifying the SU(3) and the SU(2)×U(1) sectors of the Standard Model in one Grand Unified Theory (GUT) [9] . This GUT would describe all known elementary particle interactions, except gravity. The unification of the electromagnetic, weak and strong interactions would occur at very high energies, above ∼ 10
15
GeV (the GUT energy scale). One of the characteristic of GUTs is that the baryon and lepton numbers are not separately conserved: processes similar to that described in (14) are allowed. Below GUT energy threshold, the symmetry would be broken into the SU(2) × U(1) of the electroweak interactions and the SU(3) of strong interactions. Different symmetry groups have been proposed as GUTs. The first and simplest one, the SU(5) proposed by Georgi and Glashow, predicted a proton decay lifetime (14) in the range of 10 30 − 10 31 years, well within experimental observations using kiloton detectors (in one kiloton there are more than 10 32 nucleons). The prediction of a measurable proton decay lifetime was one of the first motivation for the construction of large underground experiments in the 1980s. So far, no proton decays have ever been observed [10] . Experimental results rule out the original Georgi-Glashow SU(5) GUT, but other GUTs predicting a much longer proton lifetime survive.
Because the structure of the SU(5) was similar to the Georgi-Glashow electroweak model, it predicted 't Hooft-Polyakov Ms as well, but with much higher masses, around 10 16 GeV/c 2 . However, the existence of Ms is not specific to the SU(5). It was shown that is an unavoidable consequence of GUTs: any theory where a simple gauge group is spontaneously broken into a subgroup that contains an explicit U(1) factor would have 't Hooft-Polyakov monopoles [11] .
There is no prediction for the mass of the Dirac magnetic monopole, which is assumed as a structure-less, point-like particle. On the contrary, GUT Ms (14); ii) electroweak unification (r ∼ 10 −16 cm) with virtual W ± , Z 0 bosons; iii) the confinement region (r ∼ 10 −13 cm) with virtual photons, gluons and a condensate of fermion-antifermion, four-fermion bags. For radii larger than few fm one has the field of a point magnetic charge, B = g/r 2 .
are expected to be very massive, composite objects, as shown in Fig. 3 . The masses depends on the particular model, but are always above the GUT energy scale. The central core of a GUT M retains the original grand unification among interactions and contains the fields of the superheavy gauge bosons, which mediate baryon number violation. The fermion-antifermion condensate would have baryon number violating substructures that would allow the M catalysis of the proton decay, see §5.6. At GUT energies, it is obviously impossible to perform tests with accelerator experiments. The foreseen M, if they exist, would be a stable particle; it could be destroyed only by annihilation with another M of opposite magnetic charge. The search for relic Ms is another possibility for experimentalists to test GUTs. Recent reviews on the different monopole models are in [12, 13] .
Magnetic monopoles with Intermediate Mass ∼ 10 5 ÷ 10 13 GeV/c 2 (IMM) are predicted by theories with an intermediate energy scale between the GUT and the electroweak scales [14] . The structure of an IMM would be similar to that of a GUT monopole, Figure 3 , but without any term violating baryon number conservation. Monopoles with intermediate mass might have been produced in the early Universe [15] and survived as relics; they would be stable and do not catalyse proton decay. As IMMs would be produced after inflation, their number would not be reduced by inflationary mechanisms. Of particular relevance for experiments, IMMs with 10 7 < M < 10 12 GeV/c 2 could acquire nearly-relativistic velocities in one coherent domain of the galactic field [16] . Experimentally one has to search for IMMs with β 0.1.
The thermal history of the Universe and Monopoles
According to the Big Bang model, the Universe started in a state of extremely large density and very high kinetic energies (in the following of the section, we use the temperature as a scale of the kinetic energy through the Boltzmann constant k) of the initial plasma of particles. As time progressed, density and temperature decreased and the particle composition changed. The GUT phase, with the unification of strong and electroweak interactions, lasted until the plasma temperature dropped to T GU T ∼ 10 14 ÷ 10 15 GeV. At this energy, a phase transition is thought to have occurred, and GUT Ms with masses M c 2 T GU T /α 10 16 ÷ 10 17 GeV appeared. Here, α 0.025 is the dimensionless unified coupling constant.
According to the production mechanisms of such topological defects in the early Universe, we can derive how many Ms there should be in the Universe today. However, the predicted density number is far too high to be compatible with observations [17] . The precise density today depends mainly on the symmetry breaking scale and some theoretical assumptions. Generic models [18] for GUT Ms suggest a relic monopole abundance density ρ M of [19] 
where:
is the critical energy density of the Universe [20] . In Eq. 16 the scaled Hubble parameter, h ∼ 0.7, is defined in terms of the Hubble constant H ≡ 100h km s −1 Mpc −1 . Eq. (15) corresponds to a number density of ∼ 10 −21 cm −3 . This very large number is in contradiction with observational cosmology [20] . This overabundance was known as the magnetic monopole abundance problem, that needs a dilution factor of at least 10 13 to be solved. The reduction of Ms in the Universe was one of the motivating factors for cosmological inflation in Guth's original work [21] .
An inflationary phase in the evolution history of the Universe is completely in agreement with observational cosmology. A large number of theoretical models exist that give rise to enough inflation to solve the monopole abundance, horizon and flatness problems and can produce perturbations that are compatible with observations. However, the increase of the volume is too high, and GUT M number density is reduced to a very small value. If inflation happens after monopoles are formed, in most models they are effectively diluted such that their abundance would be something of the order of one M in our Universe. Larger abundances can be obtained in scenarios with IMMs, or with carefully tuned parameters or if the reheating temperature was large enough to allow Ms production in high-energy collisions of fermions f , like f f → MM.
Monopoles acceleration after galaxies formation
If a sizeable number of Ms survived the dilution, as the Universe expanded and cooled down the energy of Ms decreased for the adiabatic energy loss, like any other particle and radiation. They would have reached a speed β = v/c ∼ 10
during the epoch of galaxy formation. As matter started to condense gravitationally into galaxies, galactic magnetic fields developed through the dynamo mechanism.
A magnetic field B acting over a length increases the kinetic energy K of a monopole by a quantity
This equation (in c.g.s. units) is easily derived from the duality relation (3). Using the numerical value of Dirac magnetic charge (13), the strength of the typical galactic magnetic field, B ∼ 3 10 −6 G, and a coherent length ∼ 300 pc = 10 21 cm, a value of K = 10 8 erg 10 11 GeV is obtained. This means that all Ms with mass M < 10 11 GeV/c 2 are expected relativistic on Earth: the energy gain (17) does not depend on M . For higher masses, non-relativistic velocities v are attained, according to the relation 1/2M v 2 = K. This justify the expected velocity distribution as a function of the monopole mass in the Particle Data book [20] :
However, this relation can be modified if we assume that Ms can be accelerated by stronger magnetic fields over larger coherence regions. Examples are reported in [22] and are AGN jets (B ∼ 100 µG, ∼ 10 kpc), galaxy clusters (B ∼ 30 µG, ∼ 100 − 1000 kpc), or extragalactic sheets (B ∼ 1 µG, ∼ 30 Mpc). In these cases, maximum energies of 10 13 − 10 14 GeV can be reached and Eq. (18) must be changed accordingly. Depending on the assumed astrophysical models, we thus expect a flux of relativistic Ms on Earth if their masses are below 10 11 − 10 14 GeV/c 2 . In particular, IMM are expected to be relativistic. Higher mass Ms (as the GUT ones) would be gravitationally bound to different systems. Their speeds would be defined by the virial theorem for objects gravitationally bound to the system and would be minimally affected by astrophysical magnetic fields. Thus, their kinetic energy depends on the mass M, and not on the magnetic charge. Thus, Ms trapped locally in the Solar System would have β 10 −4 ; Ms bound in the Milky Way would have β 10 −3 and those bound in the local cluster of galaxies β ∼ 10 −2 . The Ms extragalactic flux should be isotropic, while the local ones are probably concentrated in the planes of the orbits.
Astrophysical upper bounds
Different upper limits on the expected flux of cosmic Ms are obtained based on cosmological and astrophysical considerations. Most of these bounds have to be considered as rough orders of magnitude. A cosmological bound is obtained by requiring that the present monopole number density n M is smaller than the critical density (16), i.e. ρ M = n M M < ρ c . The M flux per unit solid angle, Φ M , is related to n M , to the mass M and to their average speed v = cβ in the observed frame by:
The limit holds in the hypothesis of poles uniformly distributed in the Universe. As the local (i.e. near the Solar System) dark matter density is ρ local ∼ 0.3 GeV/cm 3 , i.e. about five orders of magnitude higher than ρ c in (16), the local flux of Ms could be up to a factor ∼ 10 5 higher than given by Eq. (19). A more stringent limit can be derived by the considerations that astrophysical objects do have large-scale magnetic fields. For instance in our Galaxy, the magnetic field (probably) originated by the non-uniform rotation of the Galaxy is stretched in the azimuthal direction along the spiral arms. The time scale of this generation mechanism is approximately equal to the rotation period of the Galaxy, τ B ∼ 10 8 y. Monopoles gain kinetic energy in a magnetic field by reducing the stored magnetic energy density. An upper bound for the monopole flux can be obtained by requiring that the kinetic energy gained per unit time and per unit volume, d
2 K/dtdV , is at most equal to the magnetic energy generated by the dynamo effect. The rate of kinetic energy gained by magnetic monopoles in a magnetic field B is
where J M = gn M v represents the magnetic current density and v is the average pole velocity. The magnetic energy density, ρ B = B 2 /8π, generated by the astrophysical dynamo effect per unit time is
Assuming v and B parallel over large distances, the condition J M ·B < B 2 /8πτ B leads to the upper bound:
As in Eq. 19, a relation between flux and number density can be obtained
The numerical values refer to a typical value of the Galactic magnetic field strength, B ∼ 3 10 −6 G, and single Dirac charge, g = g D . The above condition represents the so-called Parker bound [23] . Note that the condition in Eq. 23 is always more stringent than Eq. 19 for M < 10 17 GeV/c 2 and β > 10 −3 . In a more detailed treatment [24] , which assumes reasonable choices for the astrophysical parameters and random relation between v and B, Ms acquire smaller energies. Correspondingly, less energy is removed from the galactic field and the corresponding bound is less restrictive. According to Eq. 18, and defining a critical speed β c = 10 −3 , the upper bounds derived in [24] are
Finally, an extended Parker bound can be obtained by considering the survival of an early seed field [25, 26] , yielding the tighter bound
Magnetic Monopole Energy Losses
The interaction mechanisms of Ms with matter are important to understand their stopping power in matter in general and the energy losses in particle detectors in particular. Magnetic monopoles are very highly ionising particles, because of their strong magnetic charge (13) . A relativistic M with minimum magnetic charge g D would ionise ∼ 4700 times more than a minimum ionizing particle, a muon for instance. The calculation of the energy loss for 10 −3 β 10 −2 assumes the materials as a free (degenerate) gas of electrons; Ms thus interact with the conduction electrons of metallic absorbers [27] . For β 10 −3 , the long-range interaction of the magnetic-dipole moment µ of a fermion, or atomic system, or a nucleus, occurs through the static M field B M ∝ g/r 2 [28, 29] . The corresponding interaction energy is W D = −µ·B M . For an electron at a distance r, it corresponds to W D = 2 /4m e r 2 and at a distance equal to the Bohr radius, r = a o = 0.53×10
cm, W D 7 eV, comparable to the atomic binding energies. Thus, one expects a sizable deformation of an atom when a very-slow monopole passes inside or close to an atomic system. For a proton at a distance of r = 1 fm, W D ∼ 30 MeV, a value larger than the binding energy of nucleons in nuclei. Thus, one expects deformations of the nucleus when a monopole passes close to it. A general description of energy losses mechanisms in the range of monopole velocities β > 10 −5 is provided in [30] . In the following of this section, we concentrate on the energy loss mechanisms connected with the detection of a M in a velocity range suitable for neutrino telescopes, i.e. when β > 0.1. Classical and IMMs are expected to be relativistic; their energy loss would be sufficiently large to stop a considerable fraction when crossing the Earth. Magnetic poles with M > 10 14 GeV/c 2 , and in particular GUT ones, are expected non-relativistic, according to astrophysical acceleration models.
Ionisation energy loss of fast monopoles
A moving M produces an electric field in a plane perpendicular to its trajectory. In matter, this field may ionize or excite the nearby atoms or molecules. The interaction of Ms having velocities β > 0.05 and γ ≤ 100 with the electrons of a material is well understood; for g = g D , a monopole behaves as an equivalent electric charge (Ze)
The ionization energy loss for electric charges, see §32. Passage of particles through matter of [20] , can be adapted for a magnetic charge [31] by replacing Ze → gβ. The stopping power for Ms becomes
where m e is the electron mass, I the mean ionization potential of the crossed medium, δ the density effect correction, K a QED correction to consider δ-rays (see 5. 3) , and B m the Bloch correction (refer to [32] for the numerical values for different materials). N e is the density of electrons, depending on the Avogadro's number N A and on the charge and atomic numbers of medium
The energy loss mechanism (26) is implemented as a part of the GEANT package [33] for the simulation of monopole trajectories in a detector [34] . Fig. 4 shows the energy loss of a magnetic monopole in water as a function of the monopole β (left panel) and for γ < 100 (right panel). The dE/dx is about 3.5 GeV/cm at β = 0.1 and increases with speed to ∼ 13 GeV/cm at γ = 100. At higher energies, for 100 < γ < 10 4 , the energy loss can be safely extrapolated according to Eq. 26, i.e., with a logarithmic increases, although some approximations are not valid anymore.
For M energies such that γ > 10 4 , stochastic processes such as bremsstrahlung, pair production and hadron production dominate the energy loss. Photonuclear processes yield the largest contribution in materials with moderate values of atomic mass (such as rock or water), with a smaller contribution from pair production. In contrast, pair production is the dominant process in materials with high atomic number Z. The contribution from bremsstrahlung is small and is usually neglected. Due to the value of the magnetic charge (13), the equivalent of the electromagnetic coupling constant for monopoles, α m , is large and thus perturbative calculations are not allowed. This imply very large theoretical uncertainties, which must be considered in the computation of transition probabilities. The energy loss per unit path length in this energy regime is thus dominated by single (or few) collisions with large energy transfer, leading to large fluctuations on the stopping power and range of the particle.
Cherenkov radiation
A M induces Cherenkov radiation when it passes through a medium of refractive index n with a velocity larger than the phase velocity, c/n, of light in the medium (n 1.35 for seawater, and n 1.31 for ice). The minimum monopole velocity for Cherenkov light emission to occur in water (ice) is thus about 0.74c (0.76c). This threshold velocity is referred to as the Cherenkov limit. The Cherenkov photons are emitted at the characteristic angle θ C with respect to the direction of the M such that:
The number of Cherenkov photons, N γ , emitted by a M with magnetic charge g per unit path length dx and unit photon wavelength interval dλ is described by the Frank-Tamm formula for a particle with effective charge Ze → gn [36] :
where α 1/137 is the electromagnetic coupling constant. The number of photons provided by Eq. (29) is a factor (gn/e) 2 8200 more than that emitted by a particle with electric charge e at the same velocity. A relativistic M with g = g D emits about 3×10
6 photons with wavelengths between λ = 300÷600 nm per centimetre path length. The corresponding energy loss of the monopole is about 3 MeV/cm, which is only few per mill of its total energy loss (see Fig. 4 ). The mentioned wavelength interval of the photons corresponds to the sensitive range of typical photo-multiplier tubes used by neutrino telescopes [37] .
Cherenkov radiation from δ-rays
Part of the ionization energy loss, connected to the term K in (26) , is transferred to electrons in collisions large enough to knock the electrons out of their atomic orbits. These electrons are referred to as knock-on electrons or δ-rays, and have enough kinetic energy to travel short distances through the medium. Like any electrically charged particle, they emit Cherenkov light when their velocity is v e > c/n 2 . The distribution of δ-rays produced by a monopole can be derived from the similar distribution produced by a heavy electric charge, as in §32 of [20] . The knock-on process corresponds to a Coulomb collision of a heavy incident particle with electric charge ze and velocity βc with a free stationary electron. Neglecting particle spins, the cross section, per electron energy interval dT e , is:
This expression derives from the Rutherford scattering formula, and is valid for close collisions and when the atomic electrons can be considered as free. This corresponds to the condition that T e is much larger than the mean ionization energy of the medium, I, which holds for relativistic δ-rays and I ∼ 10 eV. The formula for a M of charge g and velocity β m c is obtained by replacing ze → gβ m . For relativistic velocities, and considering the effect of the electron spin in the collision, Eq. (30) is modified to
where T m e is the upper limit on the energy that can be transferred to an atomic electron in a single collision. The relation is equivalent of the so-called Mott cross section for charged particles.
As the masses of monopoles are much larger than the electron mass, m e , the maximum energy transfer derived from the Coulomb scattering is:
From this relation, it follows that a monopole must have a velocity β m c 0.44 (0.47) to be able to produce δ-rays energetic enough to emit Cherenkov light in water (ice). We derive this important result for water. To produce Cherenkov light, the velocity of δ-ray must be above the Cherenkov threshold, β e > 0.74, corresponding to γ e = 1.49. This corresponds to a kinetic energy of the electron of ∼ 0.25 MeV. Thus, the maximum transferred total energy (adding the electron rest mass) of the δ-ray must satisfy the condition: (27) . For water or ice with density ρ 1 g/cm 3 , A=18, Z=10 we have N e 3 × 10 23 . Thus, the differential distribution of δ-rays per unit path length for g = g D is given by:
where in the last equality we have inserted the numerical values. 
According to this condition, it follows that a M must have βc 0.51 (0.53) to be able to produce δ-rays energetic enough to emit Cherenkov light in water (ice). In addition, also the number of δ-rays produced by a monopole of a given velocity is reduced, as shown by the red curve in Fig. 5 (right) .
A different quantum-mechanical correction for the electron-M spin coupling with respect to the Mott cross-section (31) has been considered in [28] . Here, the helicity-flip and helicity-nonflip scattering amplitudes of a Dirac particle with spin 1/2 and charge ze by a fixed M field were accounted for with a F (T e ) formfactor term instead of the (1 − β 2 m Te T m e ) term in (31) . The corresponding KYG (from the three authors of the paper) magnetic monopole cross-section gives a harder δ-ray spectrum than the Mott cross section both for the standard (32) or conservative (36) values of the maximum transferred energy to the electron.
The number of Cherenkov photons, N γ , emitted by a δ-ray in the sea water per unit path length dx and unit wavelength interval is derived from the FrankTamm formula (29) . In the wavelengths range between 300 and 600 nm, it amounts to about:
The total number of photons emitted by a δ-ray thus depends on the electron's velocity and on its path length before its kinetic energy drops below T 0 = 0.25 MeV. In turn, the δ-ray's path length and velocity depend on its initial kinetic energy and energy loss in the water (due to the involved energies, only the ionisation energy loss must be considered). This can be obtained using full Monte Carlo simulations, or following analytic approximations, as presented in [35] . According to this numerical approximation, the total number of Cherenkov photons, n γ , that is emitted by all δ-rays that are produced per unit path length of a monopole is shown in Fig. 6 as a function of the monopole velocity. The result is very similar to that obtained by the ANTARES collaboration in water [39] and by the IceCube collaboration in ice [40] . 
H 2 0 molecules luminescence
In addition to directly induced Cherenkov radiation, or that induced by secondary δ-rays, a third process which may be considered for neutrino telescopes in water or ice luminescence.
The luminescence is the fraction of the energy loss (26) that goes in excitations of atomic/molecular levels and resulting in visible light. The observables of luminescence, such as the wavelength spectrum and decay times, are highly dependent on the properties of the medium, in particular, temperature and purity. Contrarily to the Cherenkov emission of the polarized medium, which is a very fast process, the luminescence decay times are slower. Their knowledge is of particular relevance for the discrimination of a possible signal from the background.
Concerning ice and water, the results for the light yield of luminescence of different measurements vary by large factors: a summary of the status of observations is in [41] . At present, the contribution of this effect for the detection of Ms is not completely understood and not used in published results (see §9). It is expected that the luminescence light production by a M with β m > 0.5 is about one order of magnitude less than the light produced by secondary δ-rays. However, it could provide a measurable amount of photons for velocities down to β m ∼ 0.1, or even lower velocities. Magnetic monopoles with speed between 0.1c to and 0.5c inducing luminescence light could produce a signature that can be recognized by current data acquisition systems and trigger logics of neutrino telescopes. Slower and fainter events probably require an upgrade in the data acquisition and trigger logic.
Range of magnetic monopoles
Depending on their stopping power, Ms can cross large amounts of materials, as the Earth diameter, a depth of many km of water equivalent, or the atmospheric layer. The stopping power depends on the M energy loss, on the mass M and initial velocity. The range R can be computed by integrating the stopping power:
where E 0 is the M initial kinetic energy, and E min the kinetic energy when it can be considered as stopped (values as low as β 10 −5 are enough). Fig. 7 shows the ratio, R/M , between range (in g/cm 2 ) to mass (GeV/c 2 ), as a function of the initial βγ = p/M of the M; the quantity p is its momentum [19] . The stopping power used in the computation is that obtained in Si and Fe in [32] . Since the range depends on the kinetic energy K, the R/M ratio is independent of the mass.
From Fig. 7 for, e.g., a β = 0.7 monopole (βγ = 1) it corresponds R/M ∼ 0.1 g cm −2 /GeV/c 2 . Thus, to cross the Earth diameter (R ∼ 9 × 10 9 g/cm 2 ), the M mass must be M 10 11 GeV/c 2 ; to cross 3000 m.w.e. (a typical depth of underground detectors), M > 3 10 6 GeV/c 2 ; to cross the atmosphere (1000 g/cm 2 ), M 10 4 GeV/c 2 . Similarly, to cross the Earth, a M with γ = 10 4 should have mass larger than 10 7 GeV/c 2 . The above estimates have an effect on the value of M masses that can be investigated by neutrino telescopes. According to the discussion of §4.1, monopoles can gain kinetic energies from K 10 11 GeV (in magnetic fields of normal galaxies, as our own Milky Way) to K 10 14 GeV in galaxy clusters. The kinetic energy, K 10 11 GeV, gained by galactic magnetic fields is just sufficient to allow monopoles with M 10 11 GeV/c 2 to be relativistic and cross the Earth diameter. For very low monopole masses, when γ m = K/M c 2 > 10 4 , i.e. when M < 10 7 GeV/c 2 , the stochastic processes (such as pair production and hadron production) dominate the energy loss mechanism, and Ms are absorbed by crossing the Earth.
In general, Ms with masses such that M c 2 < K are relativistic. Only those with masses M c and can cross the Earth diameter to be detected as up going particles in an underwater/ice detector. For M c 2 < K/10 4 , the energy loss is much larger and predictions are not straightforward. Fig. 8 shows the region of parameters K (kinetic energy) and M mass yielding a visible M in a neutrino telescope. Depending on selection criteria to remove the background, sometime only upgoing events (corresponding to cos θ < 0 values, where θ is the zenith angle) are selected. The yellow region shows the range of kinetic energy attainable by Ms through acceleration in astrophysical magnetic fields (see §4.1).
Monopoles inducing catalysis of nucleon decay
Given the inner structure of a GUT M shown in Fig. 3 , it was hypothesized that it could catalyse baryon number violating processes, such as
The cross section σ 0 of this process would be very small, of the order of the geometrical dimension of the M core (∼ 10 −58 cm 2 ). If the interaction is independent on the presence of X, Y bosons in the monopole core, the catalysis cross section σ 0 would be comparable to that of ordinary strong interactions, through the so-called Rubakov-Callan mechanisms [43, 44] . The catalysis reaction on the M core can be imagined pictorially as shown in the left part of Fig. 9 , while the effect of the presence of a condensate of 4-fermions uude + is illustrated in the right part.
The effective catalysis cross section σ cat depends also on the M speed, as σ cat = (σ 0 /β) · F (β). The form-factor F (β) takes into account the angular momentum of the M-nucleus system and becomes relevant for speeds below a threshold β 0 , which depends on the nucleus [45] . For speeds above β 0 , F (β) = 1. Current estimates for the catalysis cross sections are of the order of 10 −27 cm 2 to 10 −21 cm 2 [46] . Due to their different inner structure, the catalysis process is not possible for IMMs. Therefore, the sensitivity of dedicated searches described in §9.2 are constrained to GUT Ms.
Finally, we should note that positively charged dyons 3 , or (M + p) states, should not catalyse proton decay with large rates because of the electrostatic repulsion between the proton and the dyon. Negatively charged dyons would instead have large effective cross sections.
Searches for Magnetic Monopoles
Searches for Ms have been performed in cosmic rays, at accelerators, and for monopoles trapped in matter. No confirmed observation of particles possessing magnetic charge exists. Search strategies for Ms depend on their expected interactions as they pass through a detector. They are based on different techniques as, e.g., the induction method, exploiting the electromagnetic interaction of the M with the quantum state of a superconducting ring, or the excitation/ionization energy losses in different detectors. Dedicated analyses are required to search for Ms inducing the catalysis of proton decay. Here, we just summarize the most relevant results and we refer to [30] for a more general review. The results obtained by neutrino telescopes are described in §9.
The induction technique in superconductive coils. The most direct detection method consists in the use of superconducting coils coupled to a SQUID (Superconducting Quantum Interferometer Device). A moving M of charge g D induces in a superconducting ring an electromotive force and a current change (∆i). For a coil with N turns and inductance L the current change is ∆i = 4πN ng D /L = 2∆i o , where i o is the current change corresponding to a change of one unit of the flux quantum of superconductivity. SQUID have been used in the early searches for Ms in the cosmic radiation, with the limitation of very small acceptances, well below that needed to reach the Parker bound. The technique is still widely used in searches for Ms trapped in matter, as described in §5 of [19] . Searches at colliders. The possible production of Dirac Ms has been investigated at e + e − , e + p, pp and pp colliders, mostly using scintillation counters, wire chambers and nuclear track detectors [1] . Searches for monopoles trapped in the material surrounding the collision regions were also made. The searches have set upper limits on M production cross sections for masses below the few TeV scale. These limits, based on assumptions of the production processes of monopole-antimonopole pairs, are usually model-dependent.
Direct searches in the cosmic radiation. Direct searches for Ms in cosmic rays refer to experiments in which the passage of particles is recorded by detectors under controlled conditions [47] . For these searches, the background is mainly due to muons of the cosmic radiation [48] and natural radioactivity. Usually, large detectors have been installed in underground laboratories. The minimum mass of Ms to reach these detectors from above (at a given velocity) depends on the overburden of the experiment [49] . Each search has to theo- [53] , SLIM [54] and MACRO [55] .
retically proof that the used experimental method is sensible to the passage of particles with a magnetic charge in a given mass M interval and β range.
Different searches for M using large detectors were performed starting from the 1980s [50] . Fig. 10 shows the 90% CL flux upper limits versus β for GUT Ms with g = g D from the searches with the largest experiments, yielding the better upper limits.
The most stringent flux upper limits on supermassive Ms in the widest β range obtained using different experimental techniques were set by the MACRO experiment [56] , who represents a benchmark for magnetic monopole searches. To accomplish this, the searches were done with an apparatus consisted of three independent sub-detectors: liquid scintillation counters [57, 59] , limited streamer tubes [58] , each of them with dedicated and independent hardware for M searches, and nuclear track detectors.
Strange quark matter
In 1984 Witten formulated the hypothesis [60] that strange quark matter (SQM) composed of comparable amounts of u, d and s quarks might be the ground state of hadronic matter. A system in which an s quark (mass of ∼ 100 MeV/c 2 ) is replacing either an u or d quark (both with masses 5 MeV/c 2 ) seems energetically unfavourable. However, the energy connected to the sort of chemical potential due to the Pauli Exclusion Principle in bulk quark matter could be significantly more than the s mass. Thus, once formed, SQM with three quark flavours in co-existence would be energetically more favourable than ordinary matter and stable.
The structure of SQM can be described in terms of a nuclear bag model [61] and only colour singlets can be formed with integer electric charges. In order to equilibrate the chemical potential of the quark species, SQM should have a number of s quarks slightly lower than the number of u or d quarks. Thus, the SQM bag have a positive electric charge, which is predicted to be significantly lower than in the case of nuclei, approximately Z ∼ 0.3 A 2/3 . They could be stable for baryon numbers A ranging from a few to 10 57 , beyond which a collapse into black holes occurs.
The overall neutrality of SQM is ensured by an electron cloud that surrounds it, forming a sort of atom. The number of electrons are N e (N d − N s )/3, where N d , N s and N e are the numbers of quarks d, s and electrons, respectively, assuming
As magnetic monopoles, SQM could have been produced in a phase transition in the early universe. A tentative mechanism in which a large fraction of the mass and baryon number has survived in the form of nuggets of SQM with radii between 0.1 to 10 cm was offered by Witten [60] . These objects appeared in the QCD transition from a quasi-free quark-gluon plasma to a colder state where quark are confined. SQM is nonluminous, and did not participate in primordial nucleosynthesis. Primordial bags of SQM may constitute part of the dark missing mass of the Universe and of the Milky Way; they thus might be found in the cosmic radiation reaching the Earth.
Usually, small (A < 10 7 ) SQM systems are called strangelets. The searches of strangelets are almost outside the range of neutrino telescopes: a strangelet is searched for as an event with anomalous charge-to-mass ratio in the cosmic radiation using balloon or space-borne spectrometers.
The term nuclearites is used to design higher mass (A > 10 7 ) objects. Nuclearites are electrically neutral atom-like systems, as they would be expected to possess a electron cloud around the core. For A > 10 15 , electrons would be largely contained within the bag of nuclear matter. Nuclearites are generally assumed to be bound to astrophysical objects (the Galaxy, the galaxy cluster,..) and to have speed determined by the virial theorem. In the case of nuclearites bound to the Milky Way, v ∼ 10 −3 c. The main energy loss mechanism for nuclearites passing through matter is elastic or quasi-elastic atomic collisions [62] . The energy loss rate is
where σ is the nuclearite cross section, v its velocity and ρ the mass density of the traversed medium. In the case of a nuclearite larger than an atom (R 0 10 −8 cm), its cross-sectional area is simply σ πR 2 0 . On the other hand, the effective area of smaller objects is controlled by its "electronic atmosphere" which is never smaller than ∼ 1Å. The SQM density corresponds to ρ N 3.5 × 10 14 g/cm
3
(somewhat larger than that of ordinary nuclei). Thus, nuclearites with masses M < 8.4 × 10 14 GeV/c 2 , the collisions with ordinary matter are governed by 14 GeV/c 2 , the cross section may be approximated as [62] :
Transparent media (e.g., scintillators and water) have been used in nuclearites searches. Concerning water (or ice), nuclearites do not produce Cherenkov light, as they are non-relativistic objects. They would give rise to a thermal shock through collisions with the atoms of water. The temperature of the medium surrounding the nuclearite path length rises to order of keV. Thus, a hot plasma is formed that moves outward as a shock wave, emitting blackbody radiation and producing a large number of photons in the visible band. A detailed description of the luminous efficiency is in [62] . The authors estimate that in pure water, a fraction of about 3 × 10 −5 of the total energy loss is provided in form of visible light.
Any search for nuclearites has an acceptance that depends on nuclearite mass; only nuclearites with sufficiently large mass (> 6 × 10 22 GeV/c 2 ) can traverse the Earth at typical galactic velocities [62] . A summary of the detection techniques and experimental results can be found in [63, 49] and in the left plot of Fig. 11 .
Q-balls
Q-balls [64] are aggregates of squarksq, sleptonsl and Higgs fields [65] . The scalar condensate inside a Q-ball core has a global baryon number Q (may be also lepton number) and a specific energy much smaller than 1 GeV/baryon. We assume that the Q numbers of quarks and squarks are equal to 1/3 (Q q = Qq = 1/3) or 2/3 (Q q = Qq = 2/3). Protons, neutrons and may be electrons can be absorbed in the condensate. The vacuum expectation value inside a Q-ball core develops along "flat directions" of the potential [66] . These flat directions are parametrized by combinations ofq, andl that are electrically neutral. Supposing that the different flavour squarks are not mass degenerate, their numbers inside the Q-ball core would not be equal for the same reason as in the nuclearite core case. By assuming that the baryon number is packed inside a Q-ball core, one can get upper limits for the Q-ball quantum number Q and for the Q-ball mass M Q : Q ≤ 10 30 and M Q ≤ 10 25 GeV/c 2 , respectively; Q-balls with M Q < 10 8 GeV/c 2 are unstable [67] . In the early Universe, only neutral Q-balls were produced: Supersymmetric Electrically Neutral Solitons (SENS), which do not have a net electric charge, are generally massive and may catalyse proton decay. SENS may obtain an integer positive electric charge absorbing protons in their interactions with matter; thus, we may have Supersymmetric Electrically Charged Solitons (SECS), which have a core electric charge, have generally lower masses and the Coulomb barrier prevents the capture of nuclei. SECS have only integer charges because they are colour singlets. Some Q-balls, which have sleptons in the condensate, can also absorb electrons.
During the propagation in the Universe, SENS may interact with a proton of the interstellar medium, catalyse the proton decay leading to the emission of 2 -3 pions (or kaons) and transform quarks into squarks via the reaction→qq. Thus, some SENS may become SECS with a charge +1 emitting 2π 0 with total energy emission of about 1 GeV.
When a SENS enters the Earth atmosphere, it could absorb, for example, a nucleus of nitrogen which gives it the positive charge of +7 (SECS with Z = +7). The next nucleus absorption is prevented by Coulomb repulsion. If the Q-ball can absorb electrons at the same rate as protons, the positive charge of the absorbed nucleus may be neutralized by the charge of absorbed electrons. The incoming SENS remain neutral most of the time. Electrons may be absorbed via the reaction u + e → d + ν e . If, instead, the absorption of electrons is slow or impossible, the Q-ball carries a positive electric charge after the capture of the first nucleus in the atmosphere (SECS). Other SENS could "swallow" entire atoms (remaining SENS). If a SENS could absorb an electron, it would acquire a negative charge (SECS with Z = −1).
The Q-balls have been considered as possible cold dark matter candidates; their core sizes should be only one order of magnitude larger than a typical atomic nucleus [67, 68] . The cross section for interaction of SECS with matter depends on the size of the electronic cloud, and SECS should interact with matter in a way not too different from nuclearites, §7. Thus their energy losses The vertical lines correspond to the direct Cherenkov threshold in water and ice. Limits for β below this threshold rely on the models of δ-ray production. The IceCube limit [40] uses the KYG cross section with maximum energy given by Eq. (32). The ANTARES limit uses the Mott cross section and Eq. (36) . Thus, the latter is the most conservative, while the IceCube one is the most optimistic, compare with Fig. 6 . Adapted from [39] .
would be about the same as for nuclearites with a constant radius ∼ 10 −8 cm (given by the size of the electronic cloud). The experimental limits obtained for nuclearites can be extended to SECS of medium-high masses. SECS with β 10 −3 and M Q < 10 13 GeV/c 2 could reach an underground detector from above, SENS also from below [67] . More details on energy losses of Q-balls in matter are in ref. [63] . Some experimental limits on SECS are shown on the right plot of Fig. 11 . SENS may be detected by their almost continuous emission of charged pions (energy loss of about 100 GeV g −1 cm 2 ). Thus, flux upper limits on SENS could be obtained from limits on Ms, which catalyse proton decay.
Searches in Neutrino Telescopes
Fast magnetic monopoles
As discussed in §5.2, Ms emit direct Cherenkov light in the seawater (ice) when their speed exceeds 0.74c (0.76c). The photons are emitted in a narrow cone at the characteristic Cherenkov angle. Monopoles with such velocities pass through the detector in a straight line and with a constant speed, producing a very large number of photons with respect to that produced by a minimum ionizing particle (compare the cyan line with the black one Fig. 6 ). Additional Cherenkov photons are emitted by secondary δ-rays ( §5.3) ; the radiation induced by δ-rays is characterised by a more isotropic emission and can lead to detectable signals of Ms with velocities above ∼ 0.5c (see the discussion on the maximum transferred energy to electrons presented in §5.3). Consequently, the time-position correlations between hits in different photomultipliers, and number of detected photoelectrons per hit, caused by a M are different from those produced by a muon.
To discriminate signal to background, generally only upgoing events are considered. The solid angle region corresponding to downward going events is dominated by the background of atmospheric muons, with muon bundles [69] potentially able to simulate the huge photon yield of relativistic Ms. The Earth acts as a shielding against the muon background. The possibility that a M reaches the detector after passing through the Earth depends on the M mass while the Cherenkov emission is independent of the mass and depends on the speed βc. Thus, the detector response of a M signal is obtained with simulations focused simply on a benchmark mass without limiting generality. This mass value could be 10 11 GeV/c 2 : all Ms with mass below this value are expected to be relativistic, see 4.1. Monopoles are generated isotropically in the lower hemisphere at different speed above the threshold of δ-ray production. Using these Monte Carlo simulations, the analysis cuts are optimized and sensibilities estimated.
No monopole candidates were identified by the AMANDA [70] , Baikal [71] , ANTARES [72] and IceCube [42] experiments. The latest published results are from update analyses from IceCube [40] and ANTARES [39] . A summary of the more stringent 90% C.L. upper limits as a function of β is presented in Fig. 12 . The limits hold in the mass range described by Fig. 8: for instance, assuming Ms accelerated by large-scale extragalactic magnetic fields, the limits hold for 10
14 GeV. The limits from neutrino telescopes in Fig. 12 improve the best limit presented in Fig. 10 by about two order of magnitude, but in a limited region of (β, M ). In the future, the possibility to use the water/ice luminescence ( §5.4) could extend the limit towards lower values of β. At present, it is still not completely know the photon yield for Antarctic ice or seawater, and the lifetime of the luminescence processes. In addition, it is not clear if the intrinsic advantage of (almost) null radioactivity background of ice is more important than the light produced by the solutes salts presented in seawater. Finally, the use of luminescence for M searches will probably require dedicated trigger logics. These studies are extremely important, as neutrino telescopes are the only detectors able to improve significantly the limits well beyond the extended Parker bound (25).
Monopole-induced proton decay
In neutrino telescopes, the Cherenkov light from nucleon decays along the M trajectory would produce a characteristic hit pattern. Experimentally, the relevant parameter is the mean free path between two decays
where ρ is the particle density of the medium through which the M propagates. The energy of each cascade, and therefore the number of emitted Cherenkov photons, depends on the decay channel. In order to be detected, the light emission due to the catalysis processes must be approximated as being continuous. This condition is satisfied for a mean free path λ cat much smaller than the detector spacing. Thus, from an experimental point of view the speed β and λ cat are the characterizing parameters for these searches. Early proton decay experiments as Soudan 1 [73] , IMB [74] and Kamiokande [76] established limits to the M flux via the catalysis mechanism. Additional limits were provided by the underwater detector in Lake Baikal [75, 77] . In the MACRO experiment [78] , a dedicated search based on the streamer tube subsystem was carried out. A full Monte Carlo simulation of the expected signal was performed. The null result of the search was used to set limits on the catalysis cross section, ranging from 10 −24 cm 2 to 10 −26 cm 2 , and correspondingly on the magnetic monopoles flux. The Super-Kamiokande [79] collaboration performed an indirect search for GUT monopoles, looking for a neutrino signal coming from proton decay catalyzed by GUT Ms captured in the Sun. The IceCube collaboration implemented a dedicated slow-particle trigger in the DeepCore, the central and denser subdetector. The analysis using one year of data [80] yields upper limits (90% C.L.) for the flux of non-relativistic GUT monopoles at different speeds. The limits reported in Fig. 13 refer to β = 10 −3 .
Nuclearites and Q-balls
At present, no neutrino telescope has published results on nuclearite searches, a part preliminary ANTARES sensitivity studies presented at conferences. However, relevant upper limits in a wide nuclearite mass range are possible. As in other searches for massive particles, the target is for nuclearites gravitationally bound to our Galaxy, with speed β 10 −3 . For these particles, an upper bound exists given by the mentioned local density of dark matter (see discussion below Eq. 19); the limit as a function of the nuclearite mass is shown by the red line on the left plot of Fig. 11 . Due to their energy losses (40) , at that velocity nuclearites with mass < 10 22 GeV/c 2 cannot traverse the Earth diameter; thus neutrino telescopes must concentrate their searches to slow, downward going nuclearites. The characteristic signature against the background of atmospheric muons is their huge energy loss and photon yield.
The left panel of Fig. 14 shows the velocity versus the nuclearite mass at the levels of the 2100 m of water equivalent, assuming an entry speed in the Earth Figure 13 : Upper limits on the flux of β = 10 −3 M as a function of the catalysis cross section σcat for two IceCube analyses [80] , two MACRO analyses [78] , IMB [74] and Kamiokande [76] .
atmosphere of β = 10 −3 and direction close to the vertical. The energy loss is described by Eq. (40) , assuming the passage in the standard atmosphere (i.e., 10 m.w.e) and 2100 m of medium with density of 1 g/cm 3 . Under the same conditions, the right panel of Fig. 14 shows the number of visible photons per cm. As derived in §7, a fraction of 3 × 10 −5 of the energy loss is converted into visible light. The change of the slope at mass ∼ 10 15 GeV/c 2 is due to the fact that for higher masses the nuclearite size exceeds 1Å. From those plots, we can derive that the target search is for nuclearites in the mass range above few 10
15
GeV/c 2 and below ∼ 10 20 GeV/c 2 , when the Earth starts to be significantly opaque.
The search strategy could use the fact that a β = 10 −3 nuclearite passing close to a photomultiplier (PMT) produce a signal characterized by large widths (δt ∼ 30 ÷ 80 µs), three orders of magnitude longer than the Cherenkov signals produced by relativistic muons (or intermediate mass monopoles). Because the particle travels about 300 m in ∼ 1 ms, the detector should observe a succession of similar hits on PMTs displaced along a straight line. These conditions should allow the tracking of the particle along the detector. For masses above 10
17
GeV/c 2 , the photon yield is so large to probably saturate the PMTs working in standard modes. Thus, it is mandatory that the data acquisition would: i) record all hits provided by the nuclearite passage in the detector (some ms, in a km-scale telescope); ii) register the time-over-threshold in the PMTs for a signal as long as 100 µs; and that iii) the dynamic range of PMTs allows the acquisition of signals much larger than that produced by minimum ionizing particles.
Similar techniques are necessary for the searches for other slowly moving downgoing massive particles. For instance, Q-balls can be detected through a process similar to the Rubakov-Callan effect induced by Ms [81] . When a Qball collides with ordinary matter, nucleons enter the surface layer of the Q-ball, and dissociate into quarks, which are converted to squarks. The Q-ball releases energy of about 1 GeV per collision by emitting soft pions. Therefore, charged particles are created along the path of the Q-ball through a detector.
Conclusions
The predictions of the Standard Model of particle physics have been spectacularly confirmed by experiments along the last thirty years at accelerators and colliders of increasing energy. The final big achievement was the discovery at the CERN LHC of the last missing piece, the Higgs boson. On the other hand, it is largely believed that the Standard Model is incomplete and represents a sort of low energy limit of a more fundamental and unified theory, which should reveal itself at higher energies. The energy threshold for this unified interaction is so high that no man-made accelerator, also in the far future, would be able to reach it. It is in this context that predictions and searches for magnetic monopoles and other stable massive particles play a fundamental role.
The search for Ms and that for proton decay, motivated the birth of large underground experiments in the 1980s contributing significantly to the development of astroparticle physics [2] . Although no Ms and no proton decay were observed so far, non-accelerator experiments provided new and unexpected results, exploiting the experimental techniques also used at accelerators in the study of the cosmic radiation, in neutrino physics and astrophysics, in the searches for rare phenomena. In particular, the lepton sector of the Standard Model was completely revised after the discovery of solar and atmospheric neutrino oscillations by underground detectors.
The interconnection among cosmic rays studies, neutrino physics and the search for relic massive particles (in particular, Ms) is evident also in future planned experiments, where large area neutrino telescopes and long baseline neutrino experiments can extend the observation in the region of parameters (M, β) in which stable massive particles can be sought for. Examples are the NOνA detector [82] , designed to study ν µ → ν e oscillations in the existing Fermilab NuMI neutrino beam and using liquid scintillator counters, well suited for Ms searches; and the Iron CALorimeter (ICAL) at India-based Neutrino Observatory (INO), for a precise measurement of the neutrino oscillation parameters. Magnetic monopoles will be searched for in ICAL [83] using resistive plate chambers. However, these experiments cannot significantly improve the existing upper limits on the M and nuclearite flux, as their acceptance is of the order of that of MACRO and SLIM experiments.
Neutrino telescopes cover detection area (∼ 10 6 m 2 ) at least three orders of magnitude larger than that of MACRO. They can detect relativistic Ms, directly inducing Cherenkov radiation or indirectly from secondary δ-rays, covering the range of speeds β 0.5. According to astrophysical acceleration models, Ms could be relativistic and cross the Earth in their mass range 10 14 GeV; thus, present limits provided by neutrino telescope refer primarily to IMM. In addition, large area neutrino experiments can catch the light sequence of a M catalysing proton decay processes. These detectors can reach a sensitivity three order of magnitudes below the Parker bound, but in a very limited interval of β or under the assumption of the Rubakov-Callan mechanism.
To possibility to improve the presents limits for GUT monopoles (i.e., in the mass and speed region of M ∼ 10 17 GeV/c 2 and β ∼ 10 −3 ) is really challenging. If it will be demonstrated that luminescence induced by slowly moving magnetic monopoles in seawater or ice could be exploited, there is the possibility to extend the search to a wider (M, β) range than the present one.
